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In this article, using an idea of the physics superselection principal, we study 
a modularity on vertex operator algebras arising from semisimple primary vectors. 
We generalizes the theta functions on vertex operator algebras and prove that the 
internal automorphisms do not change the genus one twisted conformal blocks. 

1 Introduction 

In the study of the physics superselection principal and its application in the theory of 
vertex operator algebras (VOAs), Li introduced the notion of semisimple primary vectors 
in |Lilj . Let V be a VOA. A vector u 6 V\ is called a semisimple primary vector if it 
satisfies: (i) L{n)u = for n > 0; (ii) U( m )U = —5 mt i(u, u)t for m > 0; (iii) M(o) acts on V 
semisimply with rational eigenvalues. The main feature of a semisimple primary vector u 
is that it realizes a functor between distinct categories of irreducible V^-modules. Define 
the Delta operator associated to u by 



Let g be an automorphism on V of finite order and denote by cr(-u) an internal auto- 



shown in |Li2j (see also |Lilj ) that if (W, Yw(-, z)) is an irreducible ^-twisted ^-module, 
then (W, Yw(A(u, z) -, z)) is an irreducible gcr (w)-twisted V^-module. We present a new 
application of the Delta operators (jl.ljl to the conformal blocks in the orbifold theory. 
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Assume that g fixes u so that we have [g, cr(tt)] = 1. It is 



Recall the theta functions on VOAs. They were introduced by Miyamoto in |Mlj as a 
generalization of the theta functions on lattices. Let u, v be vectors in weight one subspace 
of V such that u<q\v = 0. On every ^-module W, Miyamoto defined the following formal 
power series in [Ml] : 

Z w (u;v;t) = e^^Wexp (2 7 rV = T^(o)) q m+Ho)+\^,u)-±c ^ 

where (■, ■) is an invariant bilinear form on V such that Un\v = (u,v)t, c is the central 
charge of V and q denotes e 27rv/3Tr . Based on Zhu's theory [Zj, Miyamoto proved the 
modularity of Zyy(u; v; r) in |Mlj . Surprisingly, the modular transformation law of a theta 
function on a module is exactly the same as that of character of the module, even though 
a theta function carries some informations of automorphisms and hence those of twisted 
modules. On the other hand, using the Delta operators we can understand the 

modularity of Z w (u; v; r) from a different view point. We know that (W, Y w (A(u, z) -, z)) 
is a cr(ii)-twisted module. Denote (W, Y w (A(u, z) -,z)) simply by W. Since the actions of 
v (o) and L(0) on W can be identified with those of v (o) + (u, v) and L(0) + W(o) + h(u, u) on 
W, respectively, the theta functions Zw(u; v; r) can be identified with the trace functions 
tr^ra(v)q L ^~ c ^ 2i of an internal automorphism cr(v) on a a(w)-twisted module W in the 
case where both <j(u) and a{v ) are of finite order. So we can understand a meaning of the 
modularity of Zw(u;v;t) from a view point of orbifold conformal field theory [DLM2 . 
Combining results in |Mlj and [DLM2J, in this article we will reveal the property of the 
internal automorphisms that they do not change the genus one twisted conformal blocks. 

Let us explain our results more precisely. Let G be a finite abelian subgroup of Aut(V). 
Assume that V is C*2-cofinite and fc-rational for all k e G. Let u, v be mutually commu- 
tative rational semisimple primary vectors (see Sec. 4.2) in V G . For each pair (g, h) 
in G x G, denote by {(W l (g, h),<f)i(h)) \ i = 1, . . . , N} the complete set of inequivalent 
irreducible g-twisted /i-stable ^-modules, where 4>i(h) are (fixed) /i-stabilizing automor- 
phisms on W l (g, h). Define the genus one twisted conformal block C\{g, h) associated to 
a pair (g,h) G G x G as the space of trace functions 

T W i ig>h) {a, t) := tr wKg>h) z^Y{a, z)Uh)q L ^- c ' 2 \ I < i < N. 

For p = $ ) G SL2 (Z), the following modular transformation is shown in [DLM2J: 

N 

( ir + 5)~ wt ^T wl{g!h) (a,pr) = J2 A iM(9,h))T wj({gjh)P) (a,r), (1.2) 

3=1 

where Aij(p, (g, h)) are the constants independent of a and r, pr denotes (ar+/3)(7r+(5) _1 
and (g,h) p denotes (g a /i 7 , g^h 5 ). The matrix (Aij(p,(g,h))ij defines a linear isomor- 
phism from Ci(g, h) to Ci((g, h) p ). Define the Schur polynomial p s { x ii x 2, ■ ■ ■ ) i n variables 
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oo 

X r 



xx, %2, ■ ■ ■ , by the equation: 

eXP ( ~ —(- Z )~ n ) = J^P-fal, X 2 ,-.. )z~ 
\ n=l J s=0 

Then define a generalized theta function on W l (g, h) by 

oo 

Zw*( g ,h)( a 'i (u,v);r) := /^Xwi^^l (p s (u(x),U(2), ■ ■ ■ )a)( wt ( a ) + A„(o)- s -i) 

s =o (1.3) 



Xe *^M exp (27rv^Tt; (0) ) 0.(/ i )- 1 g i (°)+«( o )+l(«.«>- c / 24 



where oeV, A u (a) is a scalar such that tt(o)<z = A u (a)a and g = e 27rv ^ r . Then our main 
theorem in this paper is the following: 

Theorem 1. The generalized theta function Z\yi( g ^(a; (u,v);t) converges on the upper 
half plane and gives a vector in Ci(gcr(u), ho~(v)) for each 1 < i < N. Furthermore, we 



have the following modular transformation for p = (Zg) £ 5X 2 (Z); 



(j T + S)-^Z W i M (a; (u,v) 



' a (3 
.7 i 

ar + P 



7T + 5 

^2 A ij{p, (flS h)) Z W i^ h)P ) (a; {au + ju, f3u + 8v)\ r) 



N 



where (g, h)) are the constants given by and independent of a, u, v and r. 

There is an interesting consequence of Theorem 1. For p e 5X2 (Z), denote by 
^( g ,h)(p) the linear isomorphism between Cx(g,h) and Cx((g,h) p ) given as (|1.2|) . De- 
fine a linear isomorphism 0^,^) (u, v) : C\(g,h) — > Ci{ga{u),ha{y)) by T H / l ( 9> / l )(a, r) 1— > 
Z W ii g h ^{a\ (u,v); t). Then we obtain the following corollary. 

Corollary 1. For eac/i p = ("5) £ 6X2 (Z), i/ie following diagram commutes: 

Cx(g,h) — * (9 ' ft)(p) . Ci((<7,/O p ) 



tyff.fc) («>«) 



(a«+7U,/3'U+5u) (1-4) 



Cx(ga(u),ha(v)) — , Ci((acx(>), /io-(w)) p ). 

The corollary above says that the SL2 (Z) -transformation laws for two different genus 
one twisted conformal blocks Cx(g, h) and Ci(ga(u), ha(v)) are the same so that the inter- 
nal automorphisms do not changes the genus one twisted conformal blocks. This result 
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seems to suggest that this is true for higher genus conformal blocks, since internal auto- 
morphisms a(u) and a(v) are generated by the fields in V itself. 

The main idea in the proof of Theorem 1 is to use the Delta operators (jl.lj) associated 
to semisimple primary vectors. The Delta operator realizes a functor between the category 
of weak modules and the category of admissible modules. For an admissible V^-module 
(W, Yw(-, z)), a U-module {W, Yw(A(u, z) -, z)) is not admissible in general. Namely, even 
if V is rational, we do not know whether (W, Yw(A(u, z) •, z)) is completely reducible or 
not. Therefore, before we give the proof of Theorem 1, we investigate a relation between 
^-rationality and ^-regularity. We extend the result on the spanning sets for weak modules 
in [B] to the twisted modules. The following is a simple refinement of Lemma 2.4 of M3 . 

Lemma 1. Let V be a C2-cofinite VOA of CFT type and W a weak g-twisted V -module 
generated by one element w. Then W is linearly spanned by 

a (m) ■ ■ ■ a (n s ) w i a 1 eU, ni < • ■ ■ < n s < T, 

where U is a finite dimensional subspace of V such that V = U + C2{V) and T is a fixed 

number in r-jN. 
\g\ 

It is worth mentioning that the repeat condition in [H] is now removed by Lemma 1. 
As an application, we also extend the result in [A"BDj to the twisted case. 

Corollary 2. Every g-rational C^-cofinite VOA of CFT type is actually g-regular. 

This paper is organized as follows. In Section 2 we recall basic definitions. In Section 
3 we extend the results in [B] and AIM) to the twisted case. In Section 4.1 we review 



the theory on the modular invariance on rational VOAs and in Section 4.2 we review 
the theory on the physics superselection principal and semisimple primary vectors. Using 
these theories, we prove Theorem 1 above in Section 4.3. In Section 4.4 we discuss a 
relation between our theta functions and abelian coset models. 



2 Preliminaries 

In this paper, we mainly treat VOAs of CFT type. 

Definition 2.1. A VOA V is called CFT type if it has a weight decomposition V = 
(B^qVu without negative weights and its weight zero subspace is spanned by the vacuum, 
i.e. Vo = CI. 
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We review the definition of the twisted modules. Let g be an automorphism on V of 
finite order \g\. Then we can decompose V as a direct sum of eigenspaces for g: 

V = V° © V 1 © ■ ■ ■ © V 1 * 1-1 , where V r := {a G V | ga = e 27TV ^ r/lgl a}. 

Definition 2.2. A weak g-twisted ^-module is a vector space W with a linear map 

Y M (; z ):aeV^ Y M (a, z) = £ flj^^ 1 G End(iy) [[z^]] 



(called the vertex operator on M) satisfying the following: 

(i) Y M (a,z) = Y Jn & a in+^) z ~ n ' l ' M for a G V r , 



(ii) (X(n)W = for n ^> where a G V and w G W, 

(iii) Y M (t,z) = id M , 

(iv) The following ^-twisted Jacobi identity holds for a G V r and b V: 

z x S {^—^— -J Y M(a, Zi)Y M (b, z 2 ) - z Q l 5 ( ^ + ^ J Y M (b, z 2 )Y M (a, z ± ) 

= * 1 6 (^y™Y M (Y v (a,z )b,z 2 ). 

Let us recall two consequences of the twisted Jacobi identity Let W be a weak g- 
twisted V^-module. For a E V r , b & V s and w G W, there exists G N such that 
z^MY^a, z)w G H^[[z]]. By (iv), we can derive the following associativity (cf. |Li2j ). 

(z 2 + z ) k+ ^Y M (Y v (a, z )b, z 2 )w = (z + z 2 ) k+ MY M (a, z + z 2 )Y M (b, z 2 )w. (2.1) 

Let A, B be subsets of V and X a subset of W. Set A-X = (a^x \ a G A, x G X, n G AZ) . 
Using (|2.1|) . we can show the following associativity- like relation: 

A- (B-X) C (A -5) -X. (2.2) 

In particular, V - if is a submodule of PU. 

Another consequence of the twisted Jacobi identity is the iterate formula. On V, there 
exists N ^> such that (zi — z 2 ) N Yy(a, zi)Yy(b, z 2 ) = [z\ — z 2 ) N Yy(b, z 2 )Yy(a, zi). Then 
the following formula holds on W. 

N oo 



i=o i=o V / \ J / (2.3) 
x |a (m+ i_ j+ ^)6( n _ t+i+T ^) - (-l) m+J 6 (m+n _ i+ ^)a (i+ ^)| . 
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Definition 2.3. An admissible g-twisted K-module is a weak g-twisted l^-module which 
carries a j^N-grading M = (B n ef^NM(n) such that a^M{n) C M(n + wt(a) — m — 1) 
for all a6K 

Definition 2.4. An ordinary ^-module is a weak ^-module which carries a C-grading 
M = © s6C M s such that: 

(i) dim Ms < oo, 

(ii) M s+N = for any fixed s and sufficiently small integer N, 

(iii) L(0)w = sw = wt(w)w for u> G M s . 

It follows from definitions that every ordinary g-twisted ^-module is an admissible 
g-twisted ^-module. Also, it is shown in DLMlJ that an irreducible admissible g-twisted 
^-module is an irreducible ordinary g-twisted ^-module. 

Definition 2.5. A VOA V is said to be g-rational if every admissible g-twisted V^-module 
is a direct sum of irreducible admissible g-twisted ^/-modules. Also, V is said to be g- 
regular if every weak g-twisted ^-module is a direct sum of irreducible ordinary g-twisted 
V^-modules. A 1-rational (resp. 1-regular) VOA is simply called rational (resp. regular). 

Definition 2.6. For n > 2, set C n (W) = (a^_ n )W \ a £ V, w G W). An ordinary 
^-module W is said to be C n -cofinite if W/C n (W) is of finite dimension. 

There are many conjectures about rationality We give some of them below. 

(1) Rationality of orbifold VOA |D V VVj : if V is rational then V G is also rational, where 
G is a finite automorphism group acting on V and V G denotes the fixed point subalgebra 
{a e V | ga = a for all g e G}. 

(2) Rationality and CVcofiniteness jABDj : rationality provides CVcofiniteness. 

(3) Rationality and regularity |DLM3j : every rational VOA is regular. 

(4) Relation between rationality and g-rationality: if V is rational, then V is g-rational 
for any finite automorphism g. 

Concerning to the conjecture (1) and (4), we prove the following. 

Proposition 2.7. Let V be a simple VOA and g an automorphism on V of finite order 
\g\. If the orbifold VOA V^ is rational, then V is g-rational. 

Proof: Recall the associative algebras A g>n (V) introduced in |DLM4j . Since V^ is 
rational, all A hn (V^), neN, are semisimple by jDLMlj . Then all A g>n {V), n G A-N, are 
also semisimple because they are homomorphic images of semisimple algebras Ai^iV^). 
Therefore, by a theorem in [DLM4 , V is g-rational. I 
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Remark 2.8. By the proposition above, if the conjecture (1) is true for arbitrary finite 
cyclic group G = (g), then (4) will follow from (1). 

Recently, Abe, Buhl and Dong proved the following remarkable theorem. 

Theorem 2.9. ([ABD, Theorem 4-5]) Every rational C2-cofinite VOA of CFT type is 
regular. 

This result will be generalized to g-twisted case in the next section. 

3 Spanning set for twisted VOA-modules 

Here we give brief generalizations of the results obtained in [Bj and |ABDj . 

For a VOA V of CFT type, Gaberdiel and Neitzke showed the following theorem on 
a spanning set of V. 

Theorem 3.1. f77/Vj/ Let V be a C 2 -cofimte VOA of CFT type and write V = U + C 2 {V) 
with dimf/ < oo. Then V is spanned by vectors of the form ot/_ ni ) • ' ■ a (-nk)^> n i > ' ' ' > 
Uk > with each a 1 G U. 

We generalize this theorem to weak g- twisted V- modules. First, we recall the g-twisted 
universal enveloping algebra U 9 {V) of V in [DLMlJ. As a tensor product of two vertex 
algebras C[t ifi] and V, V := C[t ®c V carries a structure of a vertex algebra and 
Qv '■= V + L{—\))V forms a Lie algebra under the 0-th product induced from 

V. Define a linear isomorphism g on V by g(t n ® a) := e - 27T ^/-^ n t n g) g a _ Then g defines an 
automorphism of a vertex algebra V and hence it gives rise to an automorphism of a Lie 
algebra Qv Denote by q 9 v the g- invariants of Qv, which is a Lie subalgebra of Qv- Then 
the g- twisted universal enveloping algebra U 9 (V) is defined to be the universal enveloping 
algebra for q 9 v . The algebra U 9 (V) has a universal property such that for any weak g- 
twisted V^-module M, the mapping a{n) e U 9 (V) i— > a( n ) = Res z Y M (a, z)z n G End(M) 
gives a representation of U 9 (V) on M. It is clear that q 9 v is spanned by images of elements 
t ri+ T9i (g) a with a E V r , < r < \g\ — 1. We denote the image of t" + i9T <g> a in 0y by a(n+-£r). 
By definition, we have the following commutator relation: 



Definition 3.2. For a monomial • • •x fc (n/ c ) in U 9 (V), we define its length by fc, 

degree by wt(x 1 ) + • ■ ■ + wt(a; fc ) and weight by (wt(a; 1 ) — ni — 1) + • • • + (wt(a; A: ) — rife — 1). 




(3.1) 



7 



Let W be a weak g- twisted V- module generated by one element w £ W. In this case, 
a linear map <fi w : x 1 (m 1 ) • • ■x k (m k ) G W{V) \— > x) mi \ ' ' ' x (m k ) w £ W = V ■ w gives a 
surjection. 

The idea of the following assertion comes from M. Miyamoto |M3| Lemma 2.4]. 

Lemma 3.3. Let V be a C2-cofinite VOA of CFT type and W a weak g-twisted V -module 
generated by a non-zero element w, i.e. W = V ■ w. Let U be a finite dimensional 
subspace of V such that both L(0) and g act on U and V = U + C^fV). Then the 
image <fi w (X) G W of any monomial X = x l (mi) ■ ■ ■x k (rrik) in U 9 (V) can be expressed 
as a linear combination of images of monomials ■ • • a s (n s ) in U 9 (V) such that 

dega 1 (ni) ■ • -a s (n s ) is less or equal to degX, wta 1 (ni) • ■ ■ a s (n s ) = wtX and n\ < ■• ■ < 
n s < T , where T is a fixed element in r^-Z such that (p w {(3{m)) = for all j3 G U and 
m > T. 

Proof: We divide the proof into several steps. 

Claim 1. We can express the image (f> w (X) of any monomial X = x l {mi) ■ ■ ■x k {mk) G 
U 9 {y) in the following form: 

(j) w {X) = <j) w {A) + <j) w (B), 

where A is a linear combination of monomials a 1 (ni) • • -a k (nk) G U 9 (V) with a 1 G U 
such that deg ■ • ■ a k (nk) = degX and wta 1 (ra 1 ) • • ■ a k (nk) = a k (nk) = wtX , and B 
is a sum of monomials whose degrees are less than degX and weights are equal to wtX. 

We prove the claim above by induction on r = degX. The case r = is clear. 
Assume that the claim is true for r — 1. Without loss, we may assume that both 1/(0) and 
g act on x l , 1 < % < k semisimply and none of them is the vacuum. Then, by inductive 
assumption, 0„,(x 2 (m 2 ) • • • x k (rrik)) can be expressed a linear combination of images of 
monomials as stated. Therefore, we may assume that contained in U. Since 

V = U + C 2 (V), we can write x l = a 1 + J2 i a^_ 2 J? with L(0)-homogeneous a 1 G U and 
a*, b l G V such that wt(a 1 ) = wt(a/_ 2 N& 1 ) = wt(a; 1 ). Then X = « 1 (mi)i 2 (m 2 ) ■ ■ • x k (rrik) + 
Si( a (-2)^)( mi ) x2 ( m2 ) ' ' ■x k {mk). Then using ()2.3|) we can rewrite the image of second 
term in the desired form because wt(a*) + wt(6 l ) < wt(a^ 2 - ) 6 J ). This completes the proof 
of Claim 1. 

Claim 2. Let A = a 1 (m 1 ) ■ ■ • a k (rrik) G U 9 (V) be a monomial with a % G U and a a 
permutation on the set {1,2, ... ,k}. Then we have the following equality in W : 

K K (1) K(d) • • = + <t> w {B), 
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where B is a sum of monomials whose degrees are less than degA and weights are equal 
to wtA. 

Again we proceed by induction on r = deg A. The case r = is obvious. Assume that 
the assertion is correct for degA = r — 1. Then using the commutator formula (|3.1|) we 
can rearrange A to be as asserted since wt^^a^) < wt(a J ) + wt(a J ') for p > 0. Thus, 
Claim 2 holds. 

Claim 3. Let A = « 1 (mi) • • ■a k (rrik) G U 9 (V) be a monomial with a 1 G U and ni\ < 
■ ■ ■ < mk < T . Then the image <p w (A) of A can be expressed in the following form: 

where B is a sum of monomials /3 1 (ni) • • • f3 s (n s ) with ft G U such that n\ < ■ ■ ■ < n s , 
s < k, deg/3 1 (ni) ■ ■ ■ j3 s (n s ) = degA and wt ft 1 (nx) ■ ■ ■ f3 s (n s ) = wtA, and C is a sum of 
monomials whose degrees are less than degA and weights are equal to wtA. 

We show that if the assertion is not correct then keeping both degree and weight of A 
we can make mi in a monomial A infinitely larger. We define an ordering on N x N. For 
(ri, si), (r 2 , s 2 ) G N x N, we define (r±, s{) > (r 2 , s 2 ) if r\ > r 2 , or ri = r 2 and sx > s 2 . By 
this ordering, NxN becomes a well-ordered set and hence we can perform an induction 
on (deg A, lengthA) G N x N. Clearly, the assertion is clear for (N, 0), (N, 1) and (0,N). 
So we assume that the assertion is true for all elements inNxN smaller than (r, s) with 
r > 0, s > 0. Then, by inductive assumption, we may assume that m 2 < ■ ■ • < m k < T. 
If mi < 7772, then we are done. So we have to consider the case m\ = m 2 and the case 
mi > m 2 . But, the following argument shows that the latter case can be reduced to the 
former case. Assume that mi > m 2 . Then A can be replaced by a linear combination 
of A' = a 2 (m 2 )a 1 (mi)a 3 (m3) • ■ ■ a k (mk) and monomials whose degrees are smaller than 
deg A and weights are the same as wtA. Then applying Claim 1 and Claim 2 together with 
inductive assumption to A', we can replace A by a monomial A" = (a 1 )'(m' 1 ) • • • (a k y(m' k ) 
such that (a 1 )' G U, m[ > mx, m[ < ■ ■ ■ < m' k < T, degA" = degA and wtA" = wtA. 
Then, repeating this procedure, we will reach the case mi = m 2 < m 3 < • • • < m^. 

Now let us consider the case mi = m 2 < m 3 < ■ • ■ < m^. In this case, both a 1 and 
a 2 are contained in the same eigenspace, say V r . Write mi = n + r-r. Using the iterate 
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formula ()2.3|) on («(_ 1 )a 2 ) ( - 2n+1+ 2r- ) , we get 

w (a 1 (mi)a 2 (mi)a 3 (m 3 ) • ■■a k (m k )) 

= \<j) w {(a l { ^ 1) a 2 )(2m 1 + l)a 3 (m 3 ) • ■■a k (m k )) 

+ Ei>o Vi&wi^im! + z)a 2 (m! - i)a 3 (m 3 ) ■ ■ ■ a k (m k )) ( 3 - 2 ) 
+ y^ j fj l [(f) w (a 2 (m 1 + i)a 2 (mi - i)a 3 (m 3 ) ■ ■ ■ a k {m k )) + <f> w (X), 

i>0 

where X is a sum of monomials whose degrees are less than deg A and weights are equal 
to wtA Note that in the expansion of («(_ 1 - ) « 2 )(2mi+i), we can make the coefficient of 
a (mi) a (mi) non-zero by choosing suitable N in ([2.3)1 . The first term in the right-hand side 
of ()3.2j) has smaller length than that of A so that by induction together with Claim 1 
and Claim 2 we may omit this term. The second and third terms in the right-hand side 
of ()3.2j) shall be reduced to the case mi > iri2. Therefore, we obtain a procedure which 
makes m\ infinitely larger with keeping deg A and wtA, which must stop in finite steps. 
Thus, we get Claim 3 and hence we complete the proof of the Lemma 13.31 l 

Remark 3.4. Even if U is not finite dimensional, the lemma above still holds when we can 
take a T e 4rZ such that 4> w (/3(m)) = for all (5 6 U, m > T. 

Remark 3.5. By Lemma [3.31 we can remove the repeat condition in jBj. 

Remark 3.6. There is another proof of Lemma 13.31 in |NT| . See the proof of Theorem 
3.2.7 of [NT]. 

Now we can generalize Theorem 4.5 of |ABDj . 
Theorem 3.7. Every g-rational C2-cofinite VOA of CFT type is g-regular. 

Proof: The proof is almost the same as that of Theorem 4.5 of jABDj . The main 
idea in the proof of Theorem 4.5 of |ABDj is to show that every weak module has a 
non-trivial lowest weight vector. By Lemma 13.31 we can find a non-zero lowest weight 
vector in every weak g-twisted module. Thus, applying the argument in |ABDj we get 
the assertion. I 

There are several corollaries of Lemma 13.31 

Corollary 3.8. Let V be a C^-cofinite VOA of CFT type. Then every irreducible weak 
g-twisted V -module W is an irreducible ordinary g-twisted V -module. 

Proof: By Lemma 13.3) we can introduce a rn- Z-grading on W . Therefore, every 
irreducible weak g-twisted module is exactly an irreducible admissible g-twisted module. 
Since every irreducible admissible module is an ordinary module, we get the assertion, i 
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Corollary 3.9. Let V be a C2-cofinite VOA of CFT type. Then every weak g-twisted 
V -module is admissible. 

Proof: By Proposition 3.6 of jDLM2| . the g-twisted Zhu algebra A g (V) (see jDLMlj ) 
is finite dimensional. Then the argument in the proof of Proposition 5.6 of ABD] with 
suitable modification leads to the assertion. I 

4 Generalized theta functions on VOA-modules 
4.1 Modular invariance of trace functions 

Let V be a VOA and let g and h be mutually commutative automorphisms on V. A 
g-twisted V-module W is said to be h-stable if there exists a linear isomorphism <pw{h) 
on W such that 

4> w (h)Y w (a ) z) = Y w (ha, z)(f) W (h) 

for all a G V. A linear isomorphism <pw{h) is called h-stabilizing automorphism or simply 
stabilizing automorphism on W. For an ordinary g-twisted /i-stable ^-module W, we can 
consider the following g-trace. 

T w (a, r) := tr w z^ a) Y w (a, z)<M^)~ V ( ° )_c/24 , (4.1) 

where q = e 2 " K ^~-^- T and c denotes the central charge of V. Zhu jZ] proved that the space 
spanned by the trace functions above is invariant under the action of the modular group 
5X 2 (Z) in the case g = h = 1 and Dong, Li and Mason [DLM2J generalized his result to 
the case where g and h generate a finite abelian subgroup in Aut(V). Before we state 
their results, we have to introduce a structure transformation of vertex operator algebras. 

Definition 4.1. ([Zj Theorem 4.2.1]) Let (V, Y(-, z), 1, u) be a VOA. For each homoge- 
neous a G V, the vertex operator 

Y[a,z] := e zwt{a) Y{a,e z - 1) = ^a^z^- 1 G End{V)[[z, z- 1 }} 

provides another VOA structure on V with the same vacuum vector 1 and a new Virasoro 
vector Cj := uj — (c/24)l. We write V[u;,z] = J2 n &z L[n]z~ n ~ 2 and denote L[0]-weight 
subspaces by Vj„] = {a G V \ L[0]a = na). Also, we use wt[a] to denote the L[0]-weight 
of a G V. 

We use the following notation. For p = ("f) G 5X 2 (Z), (g,h) p denotes (g a h~ / ,g f3 h s ) 
and pr denotes (ar + /3)(jt + 5)" 1 for r G {z G C | Im(z) > 0}. 
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Theorem 4.2. (]DLM%tf ) Let V be a C2-C0 finite VOA and let g, h be automorphisms on 
V generating a finite abelian subgroup in Aut(V). Then the trace functions (14. 1|) defined 
on irreducible g-twisted h-stable V -modules converge to linearly independent holomorphic 
functions on the upper half plane. Denote by C\(g,K) the linear space spanned by the 
trace functions Tw(cl,t), where W runs over irreducible g-twisted h-stable V -modules. 
For p = ( " £ ) G SX 2 (Z) and T w (a, r) G C\(g, h), define 

{T w y(a,r) := ( 7 r + 5)~^T w (a, pr). (4.2) 

IfV is both g -rational and g a h 1 -rational, then p defines a linear isomorphism from Ci(g, h) 
to &((</, /i)')- 

The space C\(g, h) is called a genus one twisted conformal block. 

Remark 4.3. This theorem has been generalized to involve intertwining operators in |M2j 
and |Y|. 

4.2 Semisimple primary vectors 

Here we review the theory of the physics superselection principal and semisimple primary 
vectors in |Lilj . 

Definition 4.4. A vector u G V is called a semisimple primary vector if it satisfies the 
following. 

(i) L(n)u = 5 n fih for n > 0. 

(ii) «( TO )W = 5 m ,i7l for m > and some 7 G Q. 

(iii) M( ) acts on V semisimply. 

Since U( ) is a derivative operator and keeps each homogeneous subspace of V, its 
exponential operator exp(cra(o)) gives an automorphism of V for any a G C. In the 
following, we denote exp(— 27T\/^Tii(o)) by a{u). If all eigenvalues of ii( ) on V is contained 
in for some T G Z, then o~{u) have a finite order. We call such a semisimple primary 
vector rational. 

Let u be a rational semisimple primary vector and g an automorphism of V of finite 
order such that gu = u (so gcr(u) = a(u)g). Define 

A(u, z) := z u M exp (- J2 ^(- z )' n j • ( 4 - 3 ) 

Since W( ) acts on V semisimply, A(u, z) is a well-defined operator on V. Let (IV, Yw(-, z)) 
be a weak g-twisted ^-module. The following proposition is due to Li |Li2j (see also jLilj ). 
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Proposition 4.5. QLify Proposition 5.4]) (W, lV(A(u, z) •, z)) is a weak go (u) -twisted 
V -module. 

Let us denote (W, Yw{A(u, z) -, z)) simply by W. We can write the action of a G V 
on W in the following way. By the assertion above, there exists a linear isomorphism 
(pw '■ W — > W such that Yyy(a,z)cpw — ^w^w(A(u, 2)a,z) for all a E V. Define the 
Schur polynomials p s (xi, x 2i • • • ) i n variables xi,x 2 , ■ ■ ■ by the following equation: 

(oo \ oo 

- J2 -{-z)- n = x 2 ,... )z~ s . (4.4) 

n=l U ) s=0 

Assume that U(p\a = Xa for some A G Q. Then the vertex operator of a on W is given as 
follows: 

oo 

Yw(a, z)(p w = cp w Y w (A(u, z)a, z) = tp w ^ z ~ s+Xy w(Ps(u(i),u {2 ), ...)a,z). (4.5) 

s=0 

The Delta operator A(u, z) has an additive property. A pair of semisimple primary 
vectors u and v such that umv = is called mutually commutative because we have 
A(u, z)A(v, z) = A(v, z)A(u, z) = A(u + v, z). In particular, u is commutative with itself 
so that A(u,z) is invertible because A(u, z) A{— u, z) = A(0,z) = idy. The following 
statement is easy. 

Proposition 4.6. We have a bijective correspondence between the set of irreducible g- 
twisted V -modules and the set of irreducible go~(u) -twisted modules through the Delta op- 
erator A(u,z). Furthermore, if an automorphism h on V is commutative with g and 
acts on u trivially, then the set of irreducible g-twisted h-stable V -modules and the set of 
irreducible g a (u) -twisted h-stable V -modules are in one-to-one correspondence. 

We will need the following lemma. 

Lemma 4.7. Let V be a g-rational C2-cofinite VOA of CFT type. Then V is go [u) -regular 
for every rational semisimple primary vector u. 

Proof: In this case, V is g-regular by Theorem 13.71 Let (W, Y w (-,z)) be a weak 
gcr^-twisted V-module. Then (W, >V(A(— u, z) -, zj) is a weak g-twisted V-module. 
Since V is g-regular, (W, Yw(A(— u, z) -,z)) is a direct sum of irreducible g-twisted V- 
modules. Then (W, Yw(A(u, z)A(— u, z) -, z)) = (W,Yw(-,z)) is also a direct sum of 
irreducible gcr(ti)-twisted V-modules. I 
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4.3 Main Theorem 

In the following context, we will work over the following setting. 

(1) V is a C 2 -cofinite vertex operator algebra of CFT type. 

(2) L(1)V X = 0. 

(3) g and h are automorphisms on V generating a finite abelian subgroup in Aut(V). 

(4) V is fc-rational for all k G (g, h). 

(5) if is a set of mutually commutative rational semisimple primary vectors in 
where V^ 9 '^ denotes the fixed point sub VOA under (g, h). 

(6) For u G H, a(u) denotes exp(— 2%^/— lit(o)) and X u (a) is a linear function on V defined 
as U(o)a = X u (a)a for a £ V. 

(7) E(H) = {(?{u) | u G if}, an abelian subgroup of Aut(V). 

We make some remarks on the assumption above. By (2), V possesses the unique invariant 
bilinear form (-, •) such that (1,1) = —1 (cf. Li3j ) . Note that this bilinear form satisfies 
a (i)b = (a, 6)1 for a,b E V\. The assumption (4) is satisfied if V^ k ' is rational for all 
k G (g,h) by Proposition 12.71 All a(ru) with u G H are finite automorphisms on V for 
any r G Q. Therefore, H forms a Q- vector space in V\. Since H is contained in V^ 9,h \ we 
have [{g,h),E{H)} = 1 in Aut(V). 

Let ki,k 2 G (g,h). Since V is ^-rational, there are finitely many irreducible in- 
equivalent fci-twisted fc 2 -stable V^-modules. We denote the complete set of inequivalent 
irreducible fci-twisted /c 2 -stable ^-modules by {(W'^/i),^^)) | i = 1,2,..., A = 
N(ki,k 2 )}, where 4>i t k 1 (k 2 ) are (fixed) /c 2 -stabilizing automorphisms on W l (ki, k 2 ). Note 
that the number N(ki,k 2 ) of irreducible fci-twisted /c 2 -stable ^-modules is the same as 
that of irreducible kf fc 2 -twisted fcf /c 2 -stable V- modules for all ( a ^) G 5X 2 (Z) by Theo- 
rem Recall the genus one twisted conformal block C\(g, h) which is a linear span of 
g-traces 

T W i M {a,r) = trw^Y^z^hy'q^-^ 24 , l<i<N. 
For p = ( " $ ) G 5X 2 (Z), we have the following transformation: 

AT 

pr) = ^r + S^^Mpdg^Ww^y^r), (4.6) 
j'=i 

where the constants Aij(p, (g, h)) are given by Theorem 14.21 and independent of a and r. 
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Definition 4.8. For u,v G H and a G V, define 

oo 

:= J2 iT wH9,h){ (^( w (i)' u (2)>---)a) (wt(a)+Au(a) _ s _ 1) (4.7) 
xe^M exp (27Tv^Tw ( o)) </> iiS (/i)-V (0)+U(0)+ 5 <u ' u) ~ c/24 



where g denotes e 2lTyJ ^ T , p s (%i, x 2 , . . . ) is the Schur polynomial defined by ()4.4|) and 
A u (a) is a scalar such that u^a = X u (a)u. We call Z W i( gjh \(a, (w,t>); r) a generalized theta 
function on W l (g, h) with respect to H. 



Remark 4.9. In |Mlj . Miyamoto defined the function above in the case when g = h = 1 
and a = 1 and he called Zwi(i,i) (1; (0, v); r)rj{r) c a theta function of 1), where 

r](r) = g 1 / 24 n^Li(l — Q n ) i s the Dedekind eta function. 

We consider the modular transformations of Z W i, g;h \(a; (u,v);r). Our main theorem 
is the following. 

Theorem 4.10. The generalized theta function Z W i^ g ^(a; (u,v);t) converges to a holo- 
morphic function on the upper half plane and gives a vector in C\(ga(u), ha(v)) for 
each 1 < i < N. Furthermore, we have the following modular transformation for 
p = (;f) G SL 2 (Z) : 

irr + S)-^Z wi{g>h) (a; («,«); 

N 

= /^2 A ij(P> (9,h)) Z wi ^ h)P) (a] (au + >yv,f3u + 5v);t), 
i=i 

where Aij(p, (g, h)) are the constants given by \DLM^ as in the equation (|4.6|) . 

Remark 4.11. Since L[0] = L(0) + X]j>i c i-^(0 f° r some Cj G C, we have [L[0],W(o)] = 
for all u G H. Therefore, W(o) acts on each L[0]-homogeneous subspace V[ n ] diagonally. 

Proof: We divide the proof into two parts. In the first part, we show that the 
modular transformation (7r+<5) -wt ^ Z W i^ g ^(a; (u, v); pr) is uniquely expressed as a linear 
combination of Z WJ ^ gjh y)(a; (au + jv,Pu + 8v); r), 1 < j < N. Then we show that the 
coefficients of the linear combination are exactly given as stated. 

Let us consider the meaning of Z W i( g)fl \(a; (u, v); pr). By Proposition 14.51 W l (g,h) 
:= (W % (g, h), Y(A(u, z) -, z)) is an irreducible gcr(u) -twisted ^-module. Since if is a 
subspace of V^ 9 ' h ' , t>( ) acts on W l (g, h) as a derivation 

v (o) Y wK 9 ,h)( a , z ) = Y w*(g,h)( v (o)a, z) + Y^ i(gh) (a, z)v (0) . 
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Therefore, we have the following. 

exp (-27r v /z Tw( )) Y^ i(g>h) (a, z) = Y^ i(gh) (a(v)a, z) exp (-27r v /z Iw(o)) • 

(Note that exp [— 2ix\/ — lf(o)) is well-defined on W l (g, h) since it is irreducible.) Namely, 
cr(u) := exp (-27T V / ^Tw(o)), here u (0 ) = ttes*Y^ i(fl)A )(v, z) G End(W™(sf, h)), is a o-(u)- 
stabilizing automorphism on W l (g,h). On the other hand, by definition, there exist 
linear isomorphisms l -Pw i {g,h) '■ W l (g, h) — > W l (g, h), 1 < i < N, such that 

Yw i (g,h)( a i ZjPWiigfi) = fW i (g,h)Ywi{g,h)(^( U j z ) a i z )- 

Then 

VWiigMfagWiPwifatyYwifah) (a, z) 

= Vw*{ g ,h)<Pi,g(h)Y WKgM (/\{u } z)a, z)(Pwi(g jh ) 

= VwHg,h)Y w >(g,h)(A(u, z)ha, z)(f>i <g {h)(p^ i{gih) 

= Y w>(g,h)( ha i Z )VWHg,h)<Pi,g{h)^(g,h)- 

Thus, a composition <fii, g (h) := ^w i {jg,h)^i,g{^'fw i <Mh) P rov ides a ^-stabilizing automor- 
phism on W l (g, h) for each 1 < i < N . Therefore, we see that all inequivalent irreducible 
<?cr(ii)-twisted /icr(v)-stable V^-modules are filled by W l (g, h), 1 < i < N with the stabi- 
lizing automorphisms (f>i tg (h)a(v) by Proposition 14.61 Hence, by Theorem 14.21 the trace 
function 

T#i M {*\ («,«); := tr^ toW z^ a V^ tofh) (o,«)a(t;)- 1 ^(/i)- 1 ^-^ 

converges on the upper half plane and gives a vector in Ci(ga(u), ha(v)). Since V is gcr(u)- 
rational by Lemma l4~7[ Ci(ga(u), ha(v)) is spanned by T^j^ ft \(a; (u,v);t), 1 < i < N. 
Therefore, by Theorem 14.21 p = G 6X2 (Z) defines a linear isomorphism between 

Ci(ga(u), ha{v)) and Ci((ga(u), ha{v)) p ) in the following way: 

T W^g,h)^ ( U ' V )>P T ) 

(4.8) 

= (jr + S) w w B^g, h), (u, v), p)T^ i{{g ^ h)P) {a\ (au + jv, (3u + Sv); r), 
3=1 

where Bij((g, h), (u,v),p) are scalars independent of a and r. 
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By the way, using Y^ i{gih) (a, z)(p w *M = ¥w*{g,h)Yw*(g,h)(A( u , z ) a , *)> we have 

= tr^ (ffi ^ wt Mr(a, ^(/i)" V ( ° W2 W(<^) 

= tr W i ( g ift )^ W i( gi/l) ^ wt ( a) F(A(w, z)a, z) exp (2ttv /3 T(w(o) + (u, v))) 

X(j) itg (h)- 1 q L ^ +u (o) + ^ u ^- c / 24 
= e ^'">% i(9|/l) (a; («,v);r), 

where we have also used that vmfw^gM — fwHgM^io) + ( u -> v )) an d ^(0) ( ^w i (g,?i) = 
¥¥M( £, (°) +1t C) + Therefore, by (JOJ), ('jr + 5y wt[a] Z WI(9:h) (a; (u,v);pr) is a 

linear combination of Z W j<(g ; h)p)( a ] ( au + l v i P u + r )- 

Next, we show that B^g,^, (u,v), p) = e n ^-^ au+ ^ u+5v ^ u ^ A^ip, (g, h)) for 
1 — hj — N, which would complete the proof. Since Bij((g,h), (u,v),p), 1 < i,j < N, 
are independent of a, we prove the equality in the case where a — 1. We use some results 
from [Zj and |Mlj . 

For G 1/ <9 ' h) , set 

Sw i {g,h){{ a l, Zl), ■ ■ ■ , (cL n , Z n ); t) 

:= q7i {ai) ■ ■ ■ q£, {an) trwi{g,h)Y{ai, q Zl ) • • • Y(a n , q Zn )(f)i,g{h)~ l qT (0) ~ c/24 , 

where q x denotes e 2n ^-^ x . We deduce a recurrent formula for Sw^ g ,h)- Before we state it, 
we introduce the following functions (cf. [Z] and |DLM2j ). 
The Eisenstein series G2A:(t) (k = 2, 3, ... ) are series 

where ((2k) = Y^m=i ^/n 2k . We use normalized Eisenstein series 

E 2k (r) ■= ^L_ Gafc (T). (4.10) 
Since G^ir) is a modular form of weight 2A; for the modular group S , L 2 (Z), we have 

^ (^f) = {ir + 5f k E 2k {r) for f° ^ G S^Z). (4.11) 



We define the functions pk(z,r) (k > 1) by 
Pk(z 

Z" — 

71= 
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n=l ^ ' 



The following modular transformations are well-known: 



Pk 



Assertion 1. Proposition 4-4-2]) For a 1; . . . , a n ,6 € \/<f. ft > ; ^ e following recurrent 
formula holds: 

Sw(g,h) ((&, x), (a x , zx), . . . , (a n , z n ); r) 

= Sw( g ,h) ((fe[_i]ai, Zi), (a 2 , z 2 ), • • • , (a„, z n );r) 
00 

- ^2 E 2k(T)S W i {gth) ((6[3fc-i]ai, zi), (o 2 , z 2 ), ■ ■ ■ , (a n , z n ); r) 



k=2 

n oo 



+ Yl (n /ZTW+l - T ) - P™+\{Z\ ~ Zs, T)} 

s=lm=0 y Z7r v J- j 

x<SW%,/0 zi), . . . , (b[ m ]a s , z s ), . . . , (a„, z„);r) . 

Proof: Since W l (g,h) are untwisted ordinary modules for V^ 9 ' h \ we can use the 
same argument as that in [Z] and hence we obtain the same consequence. (Note that our 
usage of the Eisenstein series differs from that of Zhu in [Z] by scalar multiples.) 1 

Using the recurrent formula above, we can show the following. 

Assertion 2. For Oi, • • • , CL n G V^V and p= (° {) G SL 2 (Z), we have 
c ( ( zi \ / z n \ ar + (3 



•yr + 5 J \ 7r + 5 J jt + 8 _ 

AT 

= ( 7 r + ( J)wt[a 1 ]+...+wt[a n ] ^ /i))5' W i( , jfc) p ) ((a 1> zi), . . . , (a n , ^);r), 

where scalars A?(p, (g, h)) are given by (|4.6j) . 

Proof: We proceed by induction on n. The case n = 1 is already known by Theorem 
14.21 Since the n-point trace Swi( g ,h) is completely determined by the 1-point trace T W i/ g;h -\, 
using (|4.1ip . ()4.13|) and the recurrent formula obtained in Assertion[TJ we get the assertion. 

I 

Now, by the assertion above, we are in position to use the same argument as that in 
[Mlj. We show the following brief generalization. 
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Assertion 3. ([Ml, Main Theorem}) 

Set Z w i (g,h)( u '> v '> T ) := Z w*( g ,h){^ (%v);r). For p = (Jjj) G SL 2 (Z), we have 

n (4.14) 
= ^2 A ij(P, (9,h)) Z' wj{igh)p) (au + <yv; (3u + 5v;t). 
i=i 

Proof: The formula above was proved when g = h = 1 in [MlJ. The proof in (Ml| 
is given by direct calculations on the n-point traces. So by tracing calculations in |Mlj 
together with Theorem 14.21 and Assertion 2, one can verify the assertion. i 

Therefore, we have reached B((g, h), (u, v), p) = e ^^(-{^+-r^~^)+M) A((g,h), p) 
by ()4.14|) . This completes the proof of Theorem 14.101 l 

There is an interesting consequence of Theorem 14.101 For each p G 5X 2 (Z), let us 
denote by the isomorphism from C\(g,h) to Ci((g,h) p ) given as ()4.2|) . The 

proof of Theorem 14.101 tells us that the space Ci(ga(u), ha{y )) is spanned by functions 
Z W it gh \(a; (u,v);t), 1 < i < N and the matrix representation of ^(^(p) and that of 
^ (g<r{u)M{v)) 0°) are given by the same matrix (A^(p, (g,h)))ij. Namely, we have proved 
that the internal automorphisms do not change the genus one twisted conformal blocks: 

Corollary 4.12. For a pair (u,v) G H x H, define a linear isomorphism Q( g ^(u,v) : 
Ci(g,h) -> Ci(ga(u),ha(v)) by T w ^ gA) (a,r) i-> Z w ^ 9;h )(a; (u, v); r). Then we have 

for every p= ("J) G SL 2 (Z). 

4.4 Relation to abelian coset construction 

We keep the setup of the previous subsection. In this subsection we consider the case 
where g = h = 1 and V is simple. In addition, we assume that the restriction of the 
invariant bilinear form (-, ■) on H is non-degenerate. Set f) = C®qH C V\ and let 
{h 1 , . . . , /i dimf) } be an orthonormal basis of f). For h, k G J), their vertex operators satisfies 
the commutator relation [/t( m ), fc(„)] = 5 m+n fim(h, k). Therefore, f) generates a free bosonic 
sub VOA M(,(l, 0) with the Virasoro vector 

j dim f) 

For a G f), set 

r := {i G 1^ | ^(o)^ — («> for ^ ^ f)}> 
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and we define L = (a G f) | V a 7^ 0) which is a subgroup of the additive group f). Then 
we obtain an L-graded structure 

V = ®ae L V a 

with Y(a,z)b C V™ +/3 ((V)) for a 6 ft e V^ 3 . Note that V° is a sub VOA. Since we 
have assumed that V is CVcofinite, L is a finitely generated free Z-module. Namely, L 
equipped with (■, ■) is a rational lattice. As V is simple, L = {a G P) | V a 7^ 0}. Define 
the space of highest weight vectors 

fl v '■= {x eV \ h(n)X = for h G h, n > 1}. 

Since [/i(o), &(m)] = for /i, 6 I), m G Z, /i( ) preserves fV- Then 

ft y = © agL fi° , where tt^ = tt v nV a . 

Since V ~ Mf,(l,0) <8>c^V as a linear space, we have the following decomposition: 

V = Mf,(l, 0) ® fiy = ©a e xM^(l, 0) (8) 

Note that fiy is a sub VOA of V° with the Virasoro vector oj^ := co> — co>[, and is a 
commutant subalgebra of Mf,(l, 0) such that V° = Mf,(l, 0) ® f2y. For a G Qy, define 

Y^a, z) := £T(a, z)Y v (a, z)£+(a, z)z~ a ^ , 

where 

^(a, z) := exp 

Then it is shown in |DL| and |Li4j that the structure (IV, Yq v (-, z), 1, uq) is a simple 
L-graded generalized vertex operator algebra with central charge c — dimh. 
Let W be an irreducible V^-module. Then we also have a decomposition 

W = M„(1,0)®1V, 

where flw := {w £ W \ h( n )W = for h G h, n > 1} denotes the space of highest 
weight vectors in W. For A G f), set iy A = {w G | /i(o)^ = (A, h)w for /i G f)}. Since 
is irreducible, there is an L-subset \w + L of f) such that = © l+ a w and 
£V = ®peL+\ w fiw with fi w = W(i n For a G fi y , set 

^(a, z) := E-(a, z)Y w (a, z)E + (a, z)z~ a ^ . 

Then it is shown in [DLj and |Li4j that (flwi Yn w (-, %)) is an irreducible (L + An/)-graded 
Jly-module. Moreover, we have the following theorem: 
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Theorem 4.13. (\LiJ\ Theorem 3.16]) For a rational VOA V , the associated L-graded 
generalized vertex operator algebra (fly,ujn) is also rational in the sense that every fly- 
module with an L-set grading is completely reducible. Moreover, the map which associates 
to an irreducible V -module W an irreducible fly -module fl\y defines a bisection between 
the set of inequivalent irreducible V -modules and the set of inequivalent irreducible fly- 
modules with L-set gradings. 

Remark 4.14. Even if V is a simple VOA, the generalized VOA fly may contain a non- 
trivial ideal. However, the theorem above says that there is no L-graded ideal in fly. 

By this theorem, we can expect that the space of g-characters ch.Q w (r) , where W runs 
over irreducible ^-modules, has a modular invariance property. Below we show modular 
transformation laws of ch^^r). 

Let a eV a and u,v G H. Then a^W 13 C W a+I3 for (3 G L + X w , n G Z, whereas w (0 ) 
and V( ) acts on W 13 semisimply. So we have Z w (a; (u,v)\ r) = unless a = 0. That is, 
our theta function is effective only for elements in V° = Mf,(l, 0) <8> fly ■ 

Proposition 4.15. Let W be an untwisted V -module and a G V a . If a ^ 0, then 
Z w (a; (u, v); r) = 0. 

If a G fly C V°, then Y^ w (a,z) = Yw(a,z) so that a acts on each fl^. Moreover, 
both U(p) and vm) are also commutative with actions of Mf,(l,0) on W. Therefore, we 
have 

Z w (a; (u,v);t) = e v ^ {u > v hi w o(a)a(v)q L ^ +u w + ^ u ^-^ c 

_ e iryf^l{u,v)^ TM ^ o ^i(,(0)-dim^)/24 . t Tnw o( y a)o'(v)q L( > ^~ L '> ( )+ u (0) + l< u ' u )- ^( c - dim W 
_ e 7rV=T(«,i;)^^-dimt) . tr^ H/ o(a)(J (t))g Lf2 (°) + '"(0) + |( u ' u }- ^( c " dim W ; 

where Lj,(0) = (^)(i) and Lq(0) = (a; — are degree operators on M^(1,0) and 

f2vi/, respectively. By the above equality, the essential ingredient of a theta function 
Zw{a>', {u, v); r) comes from the structure of the space fijy = ©^gi+A^^vK °f highest 
weight vectors. Now for a G Oy an d u,v G if, set a trace form on by 

X Qw (a; (u,v);r) := e" v ^ <M ' t ' ) tr nH/ o(a)(T(t»)g Ln(0)+M ( ) + ^ M '" ) -^ (c - dimf,) . (4.15) 

Then Z w (a; (u,v);t) = ri(r)- dimt ) ■ X nw (a; (u, v); r). Let {W/ 1 , . . . , W N } be the set of 
all inequivalent irreducible untwisted V-modules. Then by Theorem 14.101 we have the 
following modular transformation laws: 
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Theorem 4.16. For a e Q v with Ln(0)a = wtn(a) • a, wtn(a) G Q, we have 
x u w M (u,v);t+1) 
Xn wi {a; (u,v);-l/r) 

where Tij = Aij(Q ) *)) and = ~ )) are constants given by Theorem 4-2 as in the 

equation (14.6)) . 

Proof: The following transformation laws are well-known: r](r + 1) = e 7rv/ ~ T / 12 ?7(r) 
and t)(—1/t) = (— \/— Tr) 1 / 2 r](r). Since L^(0)a = by definition of fV, we have L(0)a = 
(L(,(0) + Lfi(0))a = wt^(a) • a. Thus by combining Theorem 14.101 with the relation 
Z W i(a; (u,v);t) = r](r)^ dimt) XQ wi (a; («, v);r), we have the desired equalities. I 

Note that Xa wi (l; (0,0); r) = tTn wi q Lsi ^ c - dim ^ 24 = ch^fr) is the g-character of 
an IV-module Qyyi. By the theorem above, the space of g-characters of f2y-modules is 
not invariant under 5X 2 (Z) as we have an extra term (— \f—\. r )- dimf >/ 2 _ However, we can 
eliminate the term (— y/— 1 r)~ dim in the following way. Assume that the rational lattice 
L contains a positive definite even lattice K such that rank(L) = rank(fT)(= dim h). Then 
V contains a lattice VOA Vk associated to K, and all W l are twisted modules for Vk- We 
further assume that we can choose a lattice K such that all W l are untwisted V^-modules. 
How to choose such a lattice K is shown in (Li4j. and such K always satisfies L+X W i C K° 
for all 1 < i < N. Since Vk is rational, we have the following decomposition for each W l : 

W*= V K+ „ <g> Hom Vjr (V^ +Ai , IT). 
M+ii"e(L+A WI )/^ 

Set tt^ := Homv^(Vx +A1 , W*) and : = ffi^g^^)^!}^. Then it is shown in jUTJ 
and Li4j that there is an ideal / of fly such that the quotient generalized vertex operator 
algebra fly /I is simple and isomorphic to fly. So the space fly naturally possesses a 
structure of a simple L/i^-graded generalized vertex operator algebra. Moreover, it is 
also shown in |Li4j that each fl^ is an irreducible (L + \ W i) / K-gra.ded fi^-module, and 
every fi^-module with an L/K-set grading is a direct sum of copies of fl^s. 
On the other hand, we have 

Z wi (l; (0,0);r) = E^+Ke(L+x wi )/K ch v K+ ,(r) ■ ch n ^.(r) 

= E, + K, {L+ ^ )/K v(r)-^ ■ 9 K+ ,(r) • ch^(r) 
= v(rr^E, + Ke(L + x wi)/K 9K +tl (r) ■ ch n , (r), 



v 

= e^/ 12 ^ T„ X wi (a; (it, u + v), r), 
i=i 

AT 

= (-^/ZT^dim^wtoM ^^.^(a; (v,-u);t), 

i=i 
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where 9k+h{t) = '^2 /3l z K+IM qi /3 ' 13 ^ 2 are theta functions defined on the lattice K. Thus 
X Qwt (t; (0,0); r) = £ 6 K+ ,{r) • ch^(r). 

V+K&{L+\ wl )/K 

Since the term (— V - 1 r)~ dim = (— \/ — 1 T ^ Ta - n H K )/ 2 a [ so appears in the modular trans- 
formation of 9k+/j,(t), we have a desired cancellation. By this observation, it is very likely 
to happen that the space of g-characters 

ch n * . (t) = V ch^M (r) 

v+Ke(L+\ wz )/K 

of Qy -modules 1 < i < iV, are invariant under the action of 5X 2 (Z). This question 
will be discussed in another paper. 
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